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Àííîòàöèÿ
Ïðåäëîæåí áûñòðûé àëãîðèòì ïîñòðîåíèÿ âåêòîðîâ êîýèöèåíòîâ ïîëÿðèçîâàííûõ
ïîëèíîìîâ k -çíà÷íûõ óíêöèé ïî âåêòîðàì èõ çíà÷åíèé (ïðè ïðîñòûõ k ). Ïîëó÷åíû
îðìóëû ïîäñ÷åòà ïî çíà÷åíèÿì k -çíà÷íûõ óíêöèé êîýèöèåíòîâ èõ ïîëÿðèçîâàííûõ
ïîëèíîìîâ.
Êëþ÷åâûå ñëîâà: k -çíà÷íàÿ óíêöèÿ, ïîëÿðèçîâàííûé ïîëèíîì, áûñòðûé àëãî-
ðèòì.
Îäíèì èç ñïîñîáîâ çàäàíèÿ k -çíà÷íûõ óíêöèé ÿâëÿþòñÿ ïîëèíîìû. Îáû÷-
íûå è ïîëÿðèçîâàííûå ïîëèíîìû ÿâëÿþòñÿ êàíîíè÷åñêèìè îðìàìè çàïèñè óíê-
öèé [1, 2℄.
Èçâåñòíû áûñòðûå àëãîðèòìû íàõîæäåíèÿ âåêòîðîâ êîýèöèåíòîâ îáû÷íûõ
è ïîëÿðèçîâàííûõ ïîëèíîìîâ áóëåâûõ óíêöèé ïî âåêòîðàì èõ çíà÷åíèé [3, 4℄.
Þ.Â. Òàðàííèêîâûì
1
ïðåäëîæåí áûñòðûé àëãîðèòì íàõîæäåíèÿ âåêòîðà êîý-
èöèåíòîâ îáû÷íûõ ïîëèíîìîâ k -çíà÷íûõ óíêöèé (ïðè ïðîñòûõ k ≥ 3) ïî
âåêòîðàì èõ çíà÷åíèé. Â íàñòîÿùåé ñòàòüå íàìè ïðåäëîæåí àíàëîãè÷íûé áûñò-
ðûé àëãîðèòì íàõîæäåíèÿ âåêòîðîâ êîýèöèåíòîâ ïîëÿðèçîâàííûõ ïîëèíîìîâ
k -çíà÷íûõ óíêöèé (ïðè ïðîñòûõ k ≥ 3) ïî âåêòîðàì èõ çíà÷åíèé.
Êðîìå òîãî, íàìè íàéäåíû ÿâíûå îðìóëû ïîäñ÷åòà çíà÷åíèé êîýèöèåíòîâ
ïîëÿðèçîâàííûõ ïîëèíîìîâ k -çíà÷íûõ óíêöèé ïî èõ çíà÷åíèÿì. Äëÿ áóëåâûõ
óíêöèé îðìóëû ïîäñ÷åòà çíà÷åíèé êîýèöèåíòîâ îáû÷íûõ ïîëèíîìîâ ìîæíî
íàéòè â [5℄.
Ïóñòü k ≥ 2 , Ek = {0, 1, . . . , k − 1} . Íàçîâåì k -çíà÷íîé óíêöèåé îòîáðàæå-
íèå fn : Enk → Ek , n = 0, 1, . . . Ìíîæåñòâî âñåõ k -çíà÷íûõ óíêöèé îáîçíà÷èì
êàê Pk , ìíîæåñòâî âñåõ k -çíà÷íûõ óíêöèé, çàâèñÿùèõ îò ïåðåìåííûõ x1, . . . , xn ,
îáîçíà÷èì êàê Pnk .
Áóäåì ðàññìàòðèâàòü ñëîæåíèå è óìíîæåíèå ïî mod k .
Ïóñòü δ = (d1, . . . , dn) ∈ E
n
k . Ïîëÿðèçîâàííûì ïîëèíîìîì ïî âåêòîðó ïîëÿðè-
çàöèè δ íàçîâåì ïîëèíîì∑
α=(a1,...,an)∈Enk
cδf (α) (x1 + d1)
a1 · · · (xn + dn)
an ,
â êîòîðîì cδf (α) ∈ Ek  íåêîòîðûå êîýèöèåíòû è (xi + di)
ai
 ñòåïåíè, òî åñòü
(xi + di)
ai = (xi + di) (xi + di) · · · (xi + di)︸ ︷︷ ︸
ai ðàç
, (xi + di)
0 = 1.
1
Ëè÷íîå ñîîáùåíèå.
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Åñëè δ = (0, . . . , 0) , òî ïîëÿðèçîâàííûé ïî âåêòîðó δ ïîëèíîì  îáû÷íûé ïîëèíîì
ïî mod k . Â ýòîì ñëó÷àå â êîýèöèåíòàõ áóäåì îïóñêàòü âåðõíèé èíäåêñ δ .
Åñëè k  ïðîñòîå ÷èñëî, òî êàæäàÿ óíêöèÿ f(x˜n) ∈ Pnk îäíîçíà÷íî çàäà-
åòñÿ ïîëèíîìîì ïî mod k [1℄, è äëÿ êàæäîé óíêöèè f(x˜n) ∈ Pnk ñóùåñòâóåò
åäèíñòâåííûé ïîëèíîì, ïîëÿðèçîâàííûé ïî ïðîèçâîëüíîìó âåêòîðó δ èç Enk [2℄ .
Äàëåå áóäåì ïîëàãàòü, ÷òî k  ïðîñòîå ÷èñëî.
Íàçîâåì âåêòîðîì êîýèöèåíòîâ ïîëÿðèçîâàííîãî ïî âåêòîðó ïîëÿðèçàöèè
δ ∈ Enk ïîëèíîìà óíêöèè f(x˜
n) ∈ Pnk âåêòîð çíà÷åíèé óíêöèè c
δ
f(x˜
n) .
Èçâåñòåí áûñòðûé àëãîðèòì ïîñòðîåíèÿ âåêòîðà êîýèöèåíòîâ ïîëèíîìàÆå-
ãàëêèíà áóëåâûõ óíêöèé [3℄. Â.Ï. Ñóïðóíîì [4℄ íàéäåí áûñòðûé àëãîðèòì ïî-
ñòðîåíèÿ âåêòîðîâ êîýèöèåíòîâ ïîëÿðèçîâàííûõ ïîëèíîìîâ áóëåâûõ óíêöèé.
Þ.Â. Òàðàííèêîâûì
2
áûë íàéäåí áûñòðûé àëãîðèòì ïîñòðîåíèÿ âåêòîðà êîýè-
öèåíòîâ îáû÷íîãî ïîëèíîìà äëÿ k -çíà÷íûõ óíêöèé.
Â ñëåäóþùåé òåîðåìå 1 ìû ïðåäëàãàåì àíàëîãè÷íûé áûñòðûé àëãîðèòì âû÷èñ-
ëåíèÿ âåêòîðà êîýèöèåíòîâ ïîëÿðèçîâàííûõ ïîëèíîìîâ k -çíà÷íûõ óíêöèé.
Òåîðåìà 1. Ïóñòü k  ïðîñòîå ÷èñëî, f(x˜n) ∈ Pnk , fi(x2, . . . , xn) =
= f(i, x2, . . . , xn) , i ∈ Ek , δ = (d1, . . . , dn) è δ
′ = (d2, . . . , dn) .
Òîãäà åñëè n = 1 , òî
cδf (0) = f(−d1),
cδf (j) = −
k−1∑
i=1
i(k−1)−j f(i− d1), åñëè j = 1, . . . , k − 2,
cδf (k − 1) = −
k−1∑
i=0
f(i− d1),
è ïðè n ≥ 2
cδf (0, x2, . . . , xn) = c
δ′
f−d1
(x2, . . . , xn),
cδf (j, x2, . . . , xn) = −
k−1∑
i=1
i(k−1)−j cδ
′
fj−d1
(x2, . . . , xn), åñëè j = 1, . . . , k − 2,
cδf (k − 1, x2, . . . , xn) = −
k−1∑
i=0
cδ
′
fi−d1
(x2, . . . , xn),
ãäå ñóììà âåêòîðîâ áåðåòñÿ ïîêîîðäèíàòíî.
Äîêàçàòåëüñòâî. Âíà÷àëå äîêàæåì âñïîìîãàòåëüíîå óòâåðæäåíèå.
Ëåììà 1. Äëÿ êàæäîãî ïðîñòîãî ÷èñëà k
k−1∑
i=1
is =
{
k − 1, s = k − 1,
0, s = 1, . . . , k − 2.
Äîêàçàòåëüñòâî. Åñëè s = k−1 , òî
k−1∑
i=1
ik−1 = k−1 ïî ìàëîé òåîðåìå Ôåðìà.
Äëÿ s = 1, . . . , k − 2 ïðîâåäåì äîêàçàòåëüñòâî èíäóêöèåé ïî çíà÷åíèþ s .
Áàçèñ èíäóêöèè. Åñëè s = 1 , òî
k−1∑
i=1
i =
k(k − 1)
2
= 0 ââèäó ïðîñòîòû k .
2
Ëè÷íîå ñîîáùåíèå.
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Èíäóêòèâíûé ïåðåõîä. Äîïóñòèì, ÷òî ëåììà âåðíà äëÿ âñåõ s , s = 1, . . . ,m−1 <
< k − 2 . Ïðîâåðèì åå ñïðàâåäëèâîñòü äëÿ s = m .
Ñ ó÷åòîì èíäóêòèâíîãî ïðåäïîëîæåíèÿ ïîëó÷àåì
0 = km+1 =
k−1∑
i=0
((i+ 1)m+1 − im+1) =
k−1∑
i=0
m+1∑
j=1
C
j
m+1i
m+1−j =
=
m+1∑
j=1
C
j
m+1
k−1∑
i=0
im+1−j = (m + 1)
k−1∑
i=0
im.
Òàê êàê m+ 1 6= 0 , òî
k−1∑
i=0
im = 0.
Ëåììà 1 äîêàçàíà.
Òåïåðü äîêàæåì òåîðåìó.
1. Âíà÷àëå ðàññìîòðèì îáû÷íûå ïîëèíîìû, òî åñòü ïðåäïîëîæèì, ÷òî âåêòîð
ïîëÿðèçàöèè δ = (0, . . . , 0) . Äîêàçàòåëüñòâî ýòîãî ïóíêòà îòëè÷íî îò îáîñíîâàíèÿ
àëãîðèòìà Þ.Â. Òàðàííèêîâà äëÿ îáû÷íûõ ïîëèíîìîâ.
Ïóñòü
f(x1, x2, . . . , xn) = x
k−1
1 gk−1(x2, . . . , xn) + · · ·+ x1g1(x2, . . . , xn) + g0(x2, . . . , xn),
ãäå gk−1, . . . , g1, g0  ïîëèíîìû îò ïåðåìåííûõ x2, . . . , xn (èëè êîíñòàíòû, åñëè
n = 1).
Íåñëîæíî çàìåòèòü, ÷òî g0(x2, . . . , xn) = f(0, x2, . . . , xn) .
Ñ ó÷åòîì ëåììû 1 è ïîëàãàÿ, ÷òî 00 = 1 , ïîëó÷àåì
k−1∑
i=0
f(i, x2, . . . , xn) =
k−1∑
i=0
k−1∑
j=0
ijgj(x2, . . . , xn) =
=
k−1∑
j=0
gj(x2, . . . , xn)
k−1∑
i=0
ij = (k − 1)gk−1(x2, . . . , xn).
Îòêóäà, gk−1(x2, . . . , xn) = −
k−1∑
i=0
f(i, x2, . . . , xn) .
Ïóñòü òåïåðü 1 ≤ j ≤ k − 2 . àññìîòðèì óíêöèþ
h(x1, . . . , xn) = x
(k−1)−j
1 f(x1, . . . , xn) =
= xk−11 g
′
k−1(x2, . . . , xn) + · · ·+ x1g
′
1(x2, . . . , xn) + g
′
0(x2, . . . , xn),
ãäå g′k−1, . . . , g
′
1, g
′
0  ïîëèíîìû îò ïåðåìåííûõ x2, . . . , xn (èëè êîíñòàíòû, åñëè
n = 1).
Çàìåòèì, ÷òî g′k−1(x2, . . . , xn) = gj(x2, . . . , xn) . Ïî óæå äîêàçàííîìó
g′k−1(x2, . . . , xn) = −
k−1∑
i=0
g(i, x2, . . . , xn) = −
k−1∑
i=0
i(k−1)−jf(i, x2, . . . , xn),
îòêóäà gj(x2, . . . , xn) = −
k−1∑
i=1
i(k−1)−jf(i, x2, . . . , xn) , j = 1, . . . , k − 2 .
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Òåïåðü ïóñòü n = 1 . Òîãäà êàæäàÿ èç óíêöèé gk−1, . . . , g1, g0 ÿâëÿåòñÿ êîí-
ñòàíòîé è cf (j) = gj , j = k − 1, . . . , 1, 0 .
Òîãäà ïî äîêàçàííîìó
cf (0) = f(0);
cf (j) = −
k−1∑
i=1
ik−1−jf(i), j = 1, . . . , k − 2;
cf (k − 1) = −
k−1∑
i=0
f(i).
Åñëè n ≥ 2 , òî cf (j, x2, . . . , xn) = cgj (x2, . . . , xn) . Îòêóäà ïî äîêàçàííîìó
cf (0, x2, . . . , xn) = cf0(x2, . . . , xn);
cf (j, x2, . . . , xn) = −
k−1∑
i=1
ik−1−jcfi(x2, . . . , xn), j = 1, . . . , k − 2;
cf (k − 1, x2, . . . , xn) = −
k−1∑
i=0
cfi(x2, . . . , xn).
2. Òåïåðü ðàññìîòðèì ïðîèçâîëüíûé âåêòîð ïîëÿðèçàöèè δ = (d1, . . . , dn) . Âîñ-
ïîëüçóåìñÿ òåì, ÷òî ïîëÿðèçîâàííûé ïî âåêòîðó δ = (d1, . . . , dn) ïîëèíîì óíêöèè
f(x1, . . . , xn) ÿâëÿåòñÿ îáû÷íûì ïîëèíîìîì äëÿ óíêöèè
g(x1, . . . , xn) = f(x1 − d1, . . . , xn − dn).
Òîãäà ïðè n = 1
cδf (0) = cg(0) = g(0) = f(−d1);
cδf (j) = cg(j) = −
k−1∑
i=1
ik−1−jg(i) = −
k−1∑
i=1
ik−1−jf(i− d1), j = 1, . . . , k − 2;
cδf (k − 1) = cg(k − 1) = −
k−1∑
i=0
g(i) = −
k−1∑
i=0
f(i− d1).
Ïðè n ≥ 2 ïîëîæèì δ′ = (d2, . . . , dn) . Òîãäà
cδf (0, x2, . . . , xn) = cg(0, x2, . . . , xn) = cg0(x2, . . . , xn) =
= cf−d1 (x2 − d2, . . . , xn − dn) = c
δ′
f−d1
(x2, . . . , xn);
cδf (j, x2, . . . , xn) = cg(j, x2, . . . , xn) = −
k−1∑
i=1
ik−1−jcgi(x2, . . . , xn) =
= −
k−1∑
i=1
ik−1−jcfi−d1 (x2 − d1, . . . , xn − dn) =
= −
k−1∑
i=1
ik−1−jcδ
′
fi−d1
(x2, . . . , xn), j = 1, . . . , k − 2;
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cδf (k − 1, x2, . . . , xn) = cg(k − 1, x2, . . . , xn) = −
k−1∑
i=0
cgi(x2, . . . , xn) =
= −
k−1∑
i=0
cfi−d1 (x2 − d2, . . . , xn − dn) = −
k−1∑
i=0
cδ
′
fi−d1
(x2, . . . , xn).
Òåîðåìà 1 äîêàçàíà.
Â ñîîòâåòñòâèè ñ äîêàçàííûìè â òåîðåìå 1 ñâîéñòâàìè äëÿ óíêöèè
f(x1, . . . , xn) âåêòîð êîýèöèåíòîâ åå ïîëÿðèçîâàííîãî ïî âåêòîðó δ ïîëèíîìà
c˜δf ìîæåò áûòü ðåêóðñèâíî íàéäåí ïî âåêòîðó åå çíà÷åíèé f˜ . Íåñëîæíî ïîäñ÷è-
òàòü, ÷òî ïðè ýòîì áóäåò çàòðà÷åíî O(N logN) áèòîâûõ îïåðàöèé, ãäå N = kn 
äëèíà âåêòîðîâ.
Èçâåñòíà îðìóëà ïîäñ÷åòà çíà÷åíèé êîýèöèåíòîâ îáû÷íûõ ïîëèíîìîâ áó-
ëåâûõ óíêöèé ïî èõ çíà÷åíèÿì [5℄: åñëè f(x1, . . . , xn) ∈ P
n
2 , òî äëÿ êàæäîãî
íàáîðà α = (a1, . . . , an) ∈ E
n
2 âåðíî
cf (α) =
∑
β:βα
f(b1, . . . , bn),
ãäå β = (b1, . . . , bn) ∈ E
n
2 .
Â ñëåäóþùåé òåîðåìå 2 ìû ïðåäëàãàåì îðìóëû ïîäñ÷åòà êîýèöèåíòîâ ïî-
ëÿðèçîâàííûõ ïîëèíîìîâ k -çíà÷íûõ óíêöèé ïî èõ çíà÷åíèÿì.
Ñíà÷àëà ââåäåì íåñêîëüêî îïðåäåëåíèé. Äëÿ íàáîðà α = (a1, . . . , an) ∈ E
n
k îáî-
çíà÷èì êàê I(α) ìíîæåñòâî èíäåêñîâ åãî íåíóëåâûõ êîîðäèíàò,
I(α) = {i : ai 6= 0}.
×èñëî íåíóëåâûõ êîîðäèíàò íàáîðà α íàçîâåì åãî âåñîì è îáîçíà÷èì |α| ,
|α| = |I(α)|.
Òåîðåìà 2. Ïóñòü k  ïðîñòîå ÷èñëî, f(x1, . . . , xn) ∈ P
n
k , δ = (d1, . . . , dn) ∈
∈ Enk  âåêòîð ïîëÿðèçàöèè.
Òîãäà äëÿ êàæäîãî íàáîðà α = (a1, . . . , an) ∈ E
n
k âåðíî ðàâåíñòâî
cδf (α) = (−1)
|α|
∑
β:I(β)⊆I(α)

∏
ai 6=0
bk−1−aii

 f(b1 − d1, . . . , bn − dn),
ãäå β = (b1, . . . , bn) ∈ E
n
k (ïîëàãàåì, ÷òî ïðîèçâåäåíèå
∏
ïî ïóñòîìó ìíîæåñòâó
èíäåêñîâ ðàâíî 1 è 00 = 1).
Äîêàçàòåëüñòâî. 1. Âíà÷àëå ðàññìîòðèì îáû÷íûå ïîëèíîìû, òî åñòü ïðåä-
ïîëîæèì, ÷òî âåêòîð ïîëÿðèçàöèè δ = (0, . . . , 0) .
Äëÿ ýòîãî ñëó÷àÿ äîêàçàòåëüñòâî ïðîâåäåì èíäóêöèåé ïî ÷èñëó ïåðåìåííûõ
óíêöèè n .
Áàçèñ èíäóêöèè: n = 1 . Òîãäà äëÿ íàáîðà α = (a1) ∈ E
1
k ïî òåîðåìå 1 ïîëó÷àåì
1) åñëè a1 = 0 , òî
cf (a1) = f(0) = (−1)
|α|f(0);
2) åñëè a1 = 1, . . . , k − 1 , òî
cf (a1) = −
k−1∑
i=0
ik−1−a1f(i) = (−1)|α|
∑
β:I(β)⊆I(α)
bk−1−a11 f(b1).
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Èíäóêòèâíûé ïåðåõîä. Ïóñòü äëÿ âñåõ óíêöèé, çàâèñÿùèõ íå áîëåå ÷åì îò
n − 1 , n ≥ 2 , ïåðåìåííîé, óòâåðæäåíèå òåîðåìû 2 âåðíî. àññìîòðèì óíêöèþ
f(x1, . . . , xn) ∈ P
n
k .
Ïóñòü α = (a1, . . . , an) ∈ E
n
k è α
′ = (a2, . . . , an) . Òîãäà ïî òåîðåìå 1 è ñ ó÷åòîì
èíäóêòèâíîãî ïðåäïîëîæåíèÿ ïîëó÷àåì
1) åñëè a1 = 0 , òî
cf (0, a2, . . . , an) = cf0(a2, . . . , an) =
= (−1)|α
′|
∑
β′:I(β′)⊆I(α′)

 ∏
ai 6=0,i≥2
bk−1−aii

 f0(b2, . . . , bn) =
= (−1)|α|
∑
β:I(β)⊆I(0,α′)

∏
ai 6=0
bk−1−aii

 f(0, b2, . . . , bn),
ãäå β = (b1, b2, . . . , bn) ∈ E
n
k è β
′ = (b2, . . . , bn) .
2) åñëè a1 6= 0 , òî
cf (a1, a2, . . . , an) = −
k−1∑
b1=0
bk−1−a11 cfb1 (a2, . . . , an) =
= −
k−1∑
b1=0
bk−1−a11

(−1)|α′| ∑
β′:I(β′)⊆I(α′)

 ∏
ai 6=0,i≥2
bk−1−aii

 fb1(b2, . . . , bn)

 =
= (−1)|α|
∑
β:I(β)⊆I(α)

∏
ai 6=0
bk−1−aii

 f(b1, b2, . . . , bn),
ãäå β = (b1, b2, . . . , bn) ∈ E
n
k è β
′ = (b2, . . . , bn) .
2. Òåïåðü ðàññìîòðèì ïðîèçâîëüíûé âåêòîð ïîëÿðèçàöèè δ = (d1, . . . , dn) . Âîñ-
ïîëüçóåìñÿ òåì, ÷òî ïîëÿðèçîâàííûé ïî âåêòîðó δ = (d1, . . . , dn) ïîëèíîì óíêöèè
f(x1, . . . , xn) ÿâëÿåòñÿ îáû÷íûì ïîëèíîìîì äëÿ óíêöèè
g(x1, . . . , xn) = f(x1 − d1, . . . , xn − dn).
Òîãäà äëÿ êàæäîãî íàáîðà α = (a1, . . . , an) ∈ E
n
k ïî äîêàçàííîìó ïîëó÷àåì
cδf (α) = cg(α) =
= (−1)|α|
∑
β:I(β)⊆I(α)

∏
ai 6=0
bk−1−aii

 g(b1, . . . , bn) =
= (−1)|α|
∑
β:I(β)⊆I(α)

∏
ai 6=0
bk−1−aii

 f(b1 − d1, . . . , bn − dn),
ãäå β = (b1, . . . , bn) ∈ E
n
k .
Òåîðåìà 2 äîêàçàíà.
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Summary
S.N. Selezneva, N.K. Markelov. Fast Algorithm for Building Polarized Polynomial
Coeients' Vetors of k -valued Funtions.
The fast algorithm for building the polarized polynomial oeients' vetors of k -valued
funtions by their values is proposed (for prime k ). The formulas for polarized polynomial
oeients of k -valued funtions by their values are obtained.
Key words: k -valued funtion, polarized polynomial, fast algorithm.
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